We establish a conceptual framework for the identification and the characterization of induced interactions in binary mixtures and reveal their intricate relation to entanglement between the components or species of the mixture. Exploiting an expansion in terms of the strength of the entanglement among the two species enables us to deduce an effective single-species description. In this way, we naturally incorporate the mutual feedback of the species and obtain induced interactions for both species which are effectively present among the particles of same type. Importantly, our approach incorporates few-body and inhomogeneous systems extending the scope of induced interactions where two particles interact via a bosonic bath-type environment. Employing the example of a one-dimensional ultracold Bose-Fermi mixture, we obtain induced Bose-Bose and Fermi-Fermi interactions with short-range attraction and long-range repulsion. With this, we show how beyond species mean-field physics visible in the two-body correlation functions can be understood via the induced interactions.
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Introduction.-For a binary mixture, it has become a well-established concept that the exchange of bosonic (quasi-) particles provided by one species, leads to induced interactions effectively present between the particles of the other species. A paradigmatic example is electrons in a crystalline solid which may acquire an attractive interaction by the exchange of phonons, according to the famous Fröhlich Hamiltonian [1] . Such a concept significantly simplified the way of studying composite systems while, at the same time, it successfully describes the in-depth physics including the celebrated BCS theory for superconductivity [2] . Note, however, that the physics of the Fröhlich Hamiltonian focuses on the so-called systembath regime where the feedback of the electrons on the phonons is usually neglected.
Recent experimental progress in ultracold atomic systems has made them an ideal platform for the investigation on atomic mixtures [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] . For such mixtures, the induced interaction [15] is of particular interest. For example in a Bose-Fermi mixture, the latter can alter the Fermi-Fermi interaction [16] or the Bose-Bose interaction [17] . Beside the efforts on macroscopic ensembles, recent experiments [18] [19] [20] [21] [22] also focus on few-body physics revealing, for example, the formation of the Fermi sea [18] , the fermionic pairing with an attractive interaction [19] , as well as the fermionization of two distinguishable fermions [22] , which pave the way for future experiments on few-body mixtures. Here, however, the notion of an infinitely extended bath-type environment of noninteracting modes ceases to be valid.
The focus of this work is to establish a conceptual framework for induced interactions. In particular, we show how the interspecies entanglement creates the induced interactions and we derive a general expression for the effective single-species Hamiltonians. Importantly, the analysis of the induced interaction is derived from the eigenstates, which in general can be obtained by any ab initio numerical method, making it applicable for both the ground state and the excited states of the mixture. Moreover, our approach naturally incorporates few-body and inhomogeneous systems extending the scope of induced interactions where two particles interact via a bosonic bath-type environment. By using a one-dimensional ultracold Bose-Fermi mixture as an exemplary system, we illustrate how induced interactions can give qualitative insight into a many-body state; e.g., the two-body correlations not captured in the species mean-field can be understood via the induced interactions and the reduction to an effective single-species description is qualitatively valid.
Theoretical approach.-The generic Hamiltonian for a binary mixture is given byĤ =Ĥ A +Ĥ B +Ĥ AB , wherê H A(B) denotes the Hamiltonian for species A and B, respectively.Ĥ AB represents the interaction between the two species. For the moment, we restrictĤ AB to be a local two-body interaction. Employing a Schmidt decomposition [23] , an exact eigenstate of the mixture can be uniquely written in the form
where λ i are the Schmidt numbers with λ 1 > λ 2 > · · · , which are real positive numbers and obey the constraint i λ i = 1 originating from the normalization of the wave function |Ψ . The Schmidt numbers directly reveal the strength of the interspecies entanglement, note that for the case λ 1 = 1 while all λ i =1 = 0, the mixture is nonentangled [23] . The |ψ assumes the total wave function to be of a simple product form, i.e. |Ψ = |ψ A SMF |ψ B SMF , as aforementioned, it excludes entanglement among the two species. For a mixture described byĤ, such a product ansatz implies that the mutual impact of the species is merely an additional (induced) potential [24] . It is also worth noting that, the SMF approximation allows for arbitrarily large intraspecies correlations, which is, of course, beyond the mean-field approximations for mixtures [28] .
Projecting with the qth Schmidt state ψσ q | and multiplying with the λ q from the left onto the timeindependent Schrödinger equation for the mixture, we obtain
with q ∈ [1, ∞),σ = B(A) for σ = A(B), and µ q = λ q E, with E being the eigenenergy of the state |Ψ . Moreover, due to the orthogonality of the Schmidt states, we have
representing the transition amplitude between the Schmidt-state products |ψσ j |ψ σ j and |ψσ q |ψ σ q [25, 26] . Note that, as long as the Hamiltonian of the mixture possesses the time-reversal symmetry, the eigenfunction |Ψ can always be chosen real [29] , and since all the Schmidt numbers √ λ i are real as well [23] , the t qj are real numbers, i.e., t qj = t jq .
With this knowledge, we rewrite Eq. (2) as
with Hσ ij = ψσ i |Ĥ|ψσ j and M q = µ q − λ q Hσ−1 . Substituting Eq. (4) into Eq. (3) yields the expression
(5) So far the derivation is completely general and does not include any approximations. However, now we would like to focus on the situation where the two species are weakly entangled. The weak-entanglement regime is defined via
i.e., the first Schmidt state carries the dominant weight, which explains our focus on |ψ σ 1 in Eqs. (3) and (5). Before proceeding, let us briefly explicate the reasons for focusing on the weak-entanglement regime: (a) Focusing on the weak interspecies interaction regime, in general, only weak entanglement can be expected. Hence, also experimentally the weak-entanglement regime can be achieved in ultracold atomic systems with the aid of Feshbach or confinement induced resonances [30] [31] [32] . Moreover, we witness that the validity of the weak-entanglement regime extends far beyond the perturbative regime (see below). (b) It is also permissible to mitigate the interspecies entanglement by using a unitary transformation of the Hamiltonian, such as the Fröhlich-Nakajima transformation or the Lee-Low-Pines transformation for polarons [33] . (c) In the weak-entanglement regime, the first Schmidt state contains the leading contribution to the properties of the many-body state, which suggests the possibility for pure state analysis. This can be seen through the decomposition of the reduced density matrix for the σ species,
here trσ denotes tracing out theσ species. Besides, we employed the conditions (6) in the last step, assuming all the terms of order λ i =1 are negligible.
Equipped with this knowledge, we perform a Taylor expansion on Eq. (5). This is achieved by assuming all λ i =1 to be of order δ (or smaller) with δ 1 and neglecting the terms of O(δ 2 ). As our main result, we obtain the effective Hamiltonian for species σ, which is given byĤ
with the associated effective Schrödinger equation
Equation (9) not only introduces a significant simplification in the study of mixtures but also allows for profound insights. Indeed it is in many cases extremely difficult to gain deep insights and extract relevant mechanisms in coupled binary mixtures even if the complete manybody wave function is attainable. Here the analytical and interpretational power of Eq. (9) comes into play. In order to explain this in more detail, the following considerations are in order. (ii) It is worth noting that the effective HamiltonianĤ σ eff depends on the many-body state of the mixture. Importantly, a state-dependent Hamiltonian indeed reflects the fact that the nature of the mixture may differ significantly for different parameters, in particular, for fewparticle systems. Since |Ψ is a general eigenstate of the mixture, the deduction of the effective HamiltonianĤ σ eff is applicable for both the ground state and the excited states of the mixture. (iii) If the mixture is nonentangled, the exact eigenfunction |Ψ is of a product form, i.e., (8) is present, which corresponds to the SMF case. SinceĤ AB is a local two-body interaction, the effective Hamiltonian becomesĤ
SMF being an additional (induced) potential. We will refer toV σ SMF as the SMF induced potential in the following discussions. Mathematically, it is the partial trace with respect to the speciesσ over the interspecies interactionĤ AB [24] .
2 ]. Note that, the induced interactions always exist in both species (see also below). Importantly, this induced interaction is mediated via the Schmidt states |ψσ i =1 from speciesσ. Moreover, it is a series with monotonically decreasing prefactors √ λ i , which suggests the possibility to truncate the sum over i, since the contributions from the Schmidt states with large i can be neglected [24] . (v) The last important observation is that for the case N σ Nσ, the so-called system-bath regime, the induced interaction in the bath species σ becomes negligible. This is because Hσ 1i Hσ i1 is proportional to (Nσ) 2 , while t 1i = ψ σ 1 | ψσ 1 |Ĥ|ψσ i |ψ σ i scales with N σ Nσ, leading to an induced interaction for species σ directly proportions to Nσ/N σ . Hence, for N σ Nσ, there is negligible induced interaction among the σ particles, the σ species thereby becomes an ideal bath-type system. Meanwhile, the induced interaction in theσ species becomes increasingly important.
Induced interactions in a Bose-Fermi mixture.-Let us now elucidate the induced interactions and induced potentials for a mixture which is not a typical example of the applications of induced interactions: we discuss the few-body ensemble of a 1D ultracold Bose-Fermi mixture. The model Hamiltonian (in harmonic units) iŝ H =Ĥ b +Ĥ f +Ĥ bf , wherê
with h σ (x) = − Hamiltonian with harmonic confinement andĤ bf containing a contact interaction [31, 34] between the two species with interaction strength g bf . To demonstrate the physics originating from the interspecies entanglement, we focus on the case of interspecies interaction only with g bf = 1 and explore a mixture with two fermions and two bosons N f = N b = 2. Note that our approach is also valid when Bose-Bose and Fermi-Fermi interactions are taken into account. Moreover, this interaction strength is far beyond the perturbative regime with the interaction energy E int = 0.82 being comparable to the total kinetic energy E k = 1.38. For such a Bose-Fermi mixture, the associated effective Hamiltonian for species σ iŝ
witĥ
representing the induced potential and induced interaction, respectively (see also below). In the following discussions, both the induced interactions and the induced potentials are obtained from ab initio ML-MCTDHX simulations [25] . In addition, we also compare to the results of exact diagonalization (ED) simulations, showing a qualitative agreement [24] . The induced potential consists of two terms with the first one,
which can be viewed as the SMF contribution. Here, γσ ij (x) = ψσ i |ψ † σ (x)ψσ(x)|ψσ j is the reduced one-body transition matrix element for speciesσ [25] . From Eq. (14), we see that V σ 1 (x) is proportional to both interspecies interaction strength g bf and γσ 11 , the contribution made by the first Schmidt state to the reduced onebody density ρσ 1 for speciesσ. As discussed above, in the weak-entanglement regime we have V 
witht 1i = dx γ σ 1i (x)γσ 1i (x) and βσ 1i = ψσ 1 |Ĥσ|ψσ i , in which γσ 1i γσ i1 results from normal ordering of ψσ 1 |Ĥ σσ |ψσ i ψσ i |Ĥ σσ |ψσ 1 in Eq. (8) while βσ 1i γσ i1 stems from cross terms such as ψσ 1 |Ĥσ|ψσ i ψσ i |Ĥ σσ |ψσ 1 . It is fair to treat V σ no (x) as a correction to V σ 1 (x), due to the prefactors √ λ i , rendering the magnitude of V σ no (x) small in comparison to V σ 1 (x). In order to elaborate on the net confinement that a particle feels, we introduce the effective potentials as
, as shown in Fig. 1(a) and 1(b) (black solid lines) . We observe that, due to the presence of induced potentials, the effective potentials for both species deviate significantly from the original harmonic confinement forming either a double-well pattern (fermionic) or a tighter confinement (bosonic). In addition, the SMF effective potentials are presented as well [cf. Figs. 1(a) and 1(b Now we turn to the induced interaction, which reads
Unlike the Fröhlich Hamiltonian where the induced interaction is a second order perturbation term with respect to g bf , here, it derives from the first order expansion with respect to the square root of the Schmidt numbers λ i =1 ; therefore, it does not restrict the interaction strength g bf to be small. In Figs. 2(b) and 2(e) we present the induced interactions among the fermions and the bosons, respectively. Importantly, the computed induced interaction preserves the particle exchange symmetry H (10)]. Furthermore, we notice that, unlike the contact Bose-Fermi interaction, the induced interaction is long ranged and becomes, depending on the relative coordinate r = x 1 − x 2 , attractive for small particle distances, repulsive for increasing r, and vanishes at large r [cf. Figs. 2(c) and 2(f)]. Apart from the dependence on the relative coordinate r, the induced interaction also varies as a function of the mean position of the particles R = (x 1 + x 2 )/2, since our system is not translationally invariant. These novel features differ from the situation in homogenous systems, where only the relative coordinate is involved and is usually attractive [16, 17, 28] . In addition, albeit the similar spatial patterns, the induced interactions for the bosons and the fermions show noticeable differences with respect to their strengths and ranges. We observe that the fermionic induced interaction has almost a twice as large maximal value as the bosonic induced interaction, while its range is smaller.
The induced interaction can be an essential quantity for understanding in depth the physics of the mixture. In particular, it can explain the behavior of the paircorrelation function [35] , which is given by
with ρ σ 2 (x 1 , x 2 ) and ρ σ 1 (x) being the reduced two-and one-body density, respectively. Physically, ρ σ 2 (x 1 , x 2 ) denotes a measure for the probability of finding one particle at x 1 while the second is at x 2 . Through the division by the one-body densities, the g σ 2 function excludes the impact of the inhomogeneous density distribution and thereby directly reveals the spatial two-particle correlations induced by the interaction. In Figs. 2(a) and 2(d) we present the g σ 2 functions obtained from the ab initio ML-MCTDHX simulations. We find that, due to the interspecies entanglement, the bosonic pair-correlation function deviates significantly from the result of the SMF approximation given by g b 2 (x 1 , x 2 ) = 1 for all x 1 and x 2 . Furthermore, based on the profile of the bosonic induced interaction [cf. Fig. 2(e) ], we can conclude that the attractive part of the interaction increases the probability of finding two bosons next to each other and, hence, results in g b 2 > 1 near the diagonal (x 1 = x 2 ), while the repulsive part suppresses bosonic bunching and leads to g b 2 < 1 at larger relative distance [cf. Fig. 2(d) ]. In contrast, the induced interaction among the fermions has minor impact due to the Pauli-exclusion principle resulting in a g f 2 similar to the SMF approximation [cf. Fig. 2(a) and Figs. 3(a) and 3(c)] .
In order to test the applicability of our effective Hamiltonian, we compute the pair-correlation functions for both species from the ground state of the effective singlespecies Hamiltonian (11) and present them in the Fig. 3 . Compared to the exact g σ 2 functions, we find qualitative agreement between both methods suggesting that our effective Hamiltonian H σ eff can evidently explain the important physics.
Conclusions.-We have introduced a new approach to derive the induced interactions for a binary mixture in the weak-entanglement regime. A theoretical framework leading to an effective single-species Hamiltonian which contains the induced interaction as well as an induced potential. Importantly, the induced interaction directly originates from the physics beyond the species mean-field and unveils the relationship to the interspecies entanglement. As an example, we employ a 1D ultracold BoseFermi mixture to explore our scheme. The profile of the induced interaction for both species contains a shortrange attraction and a long-range repulsion which is position dependent due to the inhomogeneity of the system. Finally, we have compared the pair-correlation functions from ML-MCTDHX simulations with simulations of the effective Hamiltonian and find them in good agreement. Our approach opens up the way to study induced interactions in binary mixtures in particular for few-body and inhomogeneous systems. Thereby, it is of specific interest how the functional form of the induced interaction depends on systems properties. Apart from being readily generalizable to the multispecies mixtures via a suitable bipartition, our approach should be extendable to time-dependent entangled states in the future. This generalization would enable us to compare to the commonly employed time-dependent perturbation theory picture.
